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Abstract 

Using numerical methods we construct evaluation formulas for the Ja¬ 
cobi 64 functions. Our results are conjectures, but are verified numerically. 


1 Introduction 

Let K ( x ) be the complete elliptic integral of the first kind 


K(x) = ^F 1 [i,^vy 


1 1 

2 ’ 2 ’ 


and k r . the elliptic singular modulus, solution of the equation 


K 


(V 1 - k r ) 

K(k r ) 


= v^ 


(1) 
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When r is positive rational the function k r take algebraic values. 
The 4th-Jacobian theta function is given by 


Mz,Q)= E 


2 niz 


( 3 ) 


n ——00 


where |g| <1 and z £ C. Avoiding this definition we will use the equivalent 
notation 


9(a,b;q) := ^ (-!)"<? 


an-\-bn 


( 4 ) 


and we shall restrict to the case of a positive rational and b general rational. 
In [Bag,Glas] we have shown that if |g| < 1 and 


A(a,p-q) := jj (f _ q n P+ a ) (l - g «P+P-“) 


( 5 ) 


n —1 


with p > 0, then 


A(a,p; q) 


E__lEfl (I E 

ri(qP) \2'2 



( 6 ) 
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where rj is the Dedekind-Ramanujan eta function 


V (q):=l[(l- q n ),\ q \<l (7) 

n—1 

The above equality (6) is simple consequence of the Jacobi triple product formula 
(see [2]). 

2 Conjecture 

Having define what we need we state our 

Conjecture. 

Let q = e _7rv ^ with r > 0, then for a,p rationals and p > 0 there always exist 
algebraic function Q(x), 0 < x < 1, such that 

A(a,p, q ) = Q{k r ), Vr > 0 (8) 


Corollary. 

If q = and r, \a\,p e Q!j_, then 

A(a,p ; q) = Algebraic Number (9) 

Some verifications (proofs) of the above conjecture have given in [8] for the 
case of theta functions of the form 

OO 

Y q n2+mn , me Z (10) 

n =—oo 

Moreover it has been shown that: 
i) if m = 2s (even), then 


Y q n2+2sn = ( 11 ) 


ii) if m = 2s + 1 (odd), then 

q n 2 + (2s+l)n _ o5/6 g ~(2 s +l) 2 /4 (fcllfcl2fc 2 l) 1/6 ^Kjku) ^ 

n— — oo ^22 ^ 

where fcn = k r , k \2 = \J\ — k\ x , fei = 2 ~ k ^~ 2kl2 , &22 = \/l — fcfi an< l y i ew 
of the evaluation formula (see [8]): 


o8/3 

77 (g ) 8 = — j-q- 1 / 3 kf/ 3 (k' r ) 8 / 3 K (k r 


(13) 
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Examples of the above conjecture can also be found if we consider the function 


r = ki(x) := 


K (Vl - x 2 ) 


which, is the inverse function of the singular modulus k r . Our method consist 
of inserting the value r = ki (^), where 0 < m < n, m,n integers into the 
form A(a,p; q) and get numerically, using the routine RootApproximant of the 
program Mathematica, a minimal polynomial which is esentialy the value of an 
algebraic number. This lead us to conclude that beneath (any theta function) 
exists minimal polynomials with coefficients rational polynomials of k r (in all 
cases if Conjecture holds) and for fixed a,p, unique algebraic function Q{ a , P }(x), 
such that these polynomials have solution the functions Q{ a ,p}{k r )- 
A very easy example to see someone is with a = 1 and p = 4. In this case all 

the values of A ^1,4, e -7I V fc dw)^ are rationals. With a simple algorithm one 


can see that 


Hence 


and by relation (6) 

Theorem 1. 

If q = e" 7 ^, r > 0 


A(l,4,e-V^) 24 = 16 ^ 2 ^ 


(l,4,e-^) 


'16(1-fc?) 

kl 


E (-1 ) n q 2n2+n = 9 1/2 W) W > ° (1?) 

n——oo V r 

The continuation follows from the validity of (6) and (8) in rationals which 
are dense in reals. 

Another example is with p = 2 and a = 1/2, where we have 


(l/2, 2, ( 


— 7 Ty/r\ 24 


' 4(1 - k r ) 4 
k r ( 1 + k r ) 2 


and is the same theta function as (16) by changing q q 1 / 2 . For avoiding these 
cases it is useful to know that 


E(-d 


n an 2 -\-bn 


= E 


and also that if s > 0 


E (- l) n q an2 + bn , 


^ ^ ^ qCisn 2 -\-bsn 
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are equivalent. 


Theorem 2. 

For q = e _7r '/^, r > 0, we have 


£ (- 1 )’ 


2n 2 +3n/2 _ -1 


= q~ 11/96 r/(q 4 ) 


1 4(1 - Ay) 4 (2 + kr - 2VTTY r y 


TL — — 00 


fcl 3 (l + k r ) 2 


( 21 ) 


3 The Algorithm 

In this section we give the algorithm for finding the expression Q{ a , P ) (k 2 ) . Our 
method is based on interpolation. We find the minimal polynomial 

P(A(a,p-,q),m(q)) = 0, (22) 

with m(q) = k 2 and then solve with respect to A(a,p;m(q)), if P(x,y) = 0 is 
solvable. 

The algorithm (In Mathematica Program) 

Clear[A] 

eta[q} := QPochhammer[q , q] 

A[a,p , q\ := q p / 12 - a / 2+a2 /( 2p ^eta[q p ]- 1 Sum[(—l) n q n2p / 2+ ( p - 2a ^ n / 2 , {n, -100,100}] 

Clear[q, x, y, u, n] 

m[q] := InverseEllipticNomeQlq\ 
x = Series[A[a,p, q] 12 , {q , 0, M}]; 
y = Series[m[q], {q, 0, M}]\ 

t = Table\Coefficient[Sum[c[i,j]x l yi,q n ] == 0, (n, l,s 2 }]; 
rr = Table[c[i,j],{i, 0, s}, {j, 0, s}]; 
r?T = Table[u l v\ {*, 0, s}, [j, 0, s}]; 

mm = Normal[Extract[Coef ficientArrays'll/Flatten , rr//Flatten], 2]]; 

mO = Normal[mm] m , 

r 1 = Take[NullSpace[mO], 1 ].Flatten[rr] 

Take[Null Space [mO], 1] .Flatten [rr 1] //Factor 
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4 Theoretical Results and Directions 


In this section we will try to characterize these functions Q{ atP y(x). For this, 
assume that P n is the n-th modular equation of A(a,p; q), then 

A(a,p;q n ) = P n (A(a,p;q)) (23) 

Also assume that our conjecture (8) hold, then 

Q{a,,p} i^n 2 r) Pn (Q{a,p}(^r)) 

By using (14), we get 

Q{ a ,p} {j^n 2 ki{x)) Pn (Q{a,p}(*^)) 


Setting 

we have the next 


^ni,x) • kn 2 ki(x) 


(24) 


Theorem 3 

If the n-th modular equation of A(a,p; q ) is that of (23), then 

kn 2 ki(x) ~ (x) Q{a,p} ^ ^ i^Pn i^Q{a,p} (^)) ) ) n = 2,3,4,... (25) 


If one manages to solve equation (25) with respect to Q{ a ,p}(x) for given 
a,p , then 

°° 2 

Y, (-l) n q pn2/2Hp ~ 2a)n/2 = q~^~^v(q p )Q{a, P }( k r)yr > 0 (26) 

n= — oo 

and Q{ a ,p}{x) will be a root of a minimal polynomial of degree v = v(a,p,x). 
Note that in case of rational x € (0,1) and a,p rational with 0 < a, p, then the 
degree v is independent of x and the minimal polynomial of Q{ a ,p}{x) will have 
integer coefficients. 


Example. 

The 2nd degree modular equation of A(l, 4; q) is 

16n 8 + u 16 i> 8 - u 16 = 0 (27) 


If we solve with respect to v we get v = P 2 {u ), where v = A(l,4;q 2 ) and 
u = A(l, 4; q). Moreover 


Pi{w) 


(re 16 + ■u; 4 v / 64 + w 24 ) 
2V8 


(28) 
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It is n = 2 and hold (see [9]) 


— 


i 

i + v/r - ^ 


Hence 


^2 {x) &4ki ( x ) 


1- 

i + \/T“ 


Finally we get from the relation (25) of Theorem 4: 

( \j Q{i,4}(^) 16 + Q{i,4}(a ; ) 4 '\/Q{i,4}( a:: ) 24 +”64 

Q ^ 4 > ( ^ 

which has indeed a solution 


<3{i,4}0e) = 


12/4(1 - x 2 ) 


1 — \/l — x 2 
1 + Vl — x 2 


(29) 


(30) 


(31) 


Note. 

We note that function m(q) = k 2 is implemented in program Mathematica. 
However a useful expansion is 


K = = 4q 4 ' 2 exp ( -4$> n E 

n=l d|n 




(32) 


where q = e 7Tv W r > 0. 


5 Table 

Here we give a table of evaluations, which does not include Theorems 1 and 2, 
for certain lower values a,p of theta functions. 

1. 

OO 

53 (-i)"<? 3/2 " 2+ " /2 = q 1/12 v(q 3 )Q(kr) (33) 

n=— oo 

The polynomial which relates u = A(l,3,g) 12 with i> = m(g) = fc 2 is 

u 4 v 5 — 4 u 4 v 4 + 6 u 4 v 3 — 4 u 4 v 2 + u 4 v — 16u 3 i> 6 + 84u 3 u 5 — 12480w 3 i> 4 — 

-40712wV-12480uV+84w 3 u-16w 3 +196830uV-787320uV+1180980wV- 
—787320 uV + 196830u 2 u + 19131876m; 5 - 76527504m; 4 + 114791256m; 3 - 
-76527504m; 2 + 19131876m; + 387420489u 5 - 1549681956v 4 + 2324522934u 3 - 
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—1549681956m + 387420489?; = 0 


E (-1 ) n q 3n2 ~ 5n = q - n / e r,(q e )Q(k r ) 


The polynomial equation which relates u = ^4(8,6; q) e with v = m.(q) 1 ^ 2 = k r is 
u 8 v 4 — u 8 v 2 + 1 6u 6 v 6 — 24 u 6 v 4 — 24 m 6 m 2 + 16m 6 — 486m 4 m 4 + 

+486mV - 19683m 4 + 19683m 2 = 0 (36) 


E (~ l ) n q 3n2+4n = q ~ 13/12 v ( q 6 ) Q ( kr ) (37) 

n =—oo 

The polynomial equation which relates u = A{— 1,6, q) 6 , with v = m(q') 1 / 2 = k r 


u 4 v 3 — m 4 m + 16m 3 m 2 — 18m 2 m 3 + 18m 2 m + 4mm 4 — 8mm 2 + 4m + m 3 — m = 0 (38) 


E (-1 ) n q 4n2+6n = q~ 23/12 v(q 8 )Q(k r ) 


The polynomial equation which relates u = A(—2, 8; q) 12 , with v = m{q 2 ) 2 = k\ r 
is 

—m 4 m - 64m 2 m + 256m 2 - 512m + 256 = 0 (40) 


£ <-!)”« 


»/ 2 „>+ 3 / 2 „ = 


where 


V 5 {q) = ^ (-1 - h 5 (q) + y/5 + 2 h 5 (q) + Ml) 2 ) 


h 5 (q) = 


; ? (<Z 1/5 ) 


q 1 / 5 'q{q b ) 

The polynomial equation which relates u = A(l, 5, q 2 ) 15 with v = ^(g 4 ) 5 is 
m 4 + m 11 + 55m 10 + 1205m 9 + 13090m 8 + 69585m 7 + 134761m 6 - 69585m 5 + 
+13090m 4 - 1205m 3 + 55m 2 - v = 0 U 
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Note that 


h ,/n 5 \ - ^ - 1 ( m (q) ^ 1/24 ( ™'(q) \ 1/6 

5 qr]{q 25 ) y/M 5 (q)M 5 (q 5 ) \m(q 25 )) \m'{q 25 )J 

is function of k r = \/m{q), since (see [14]) 

(5 M s (q) - l) 5 (1 ^ M B (q)) = 256 • m(q)m'(q)M 5 (q) (45) 

and m!(q) = 1 — m(q). 

For tables of singular modulus one can see [10],[11],[14]. 
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